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Static Subsonic Aeroelastic Stability of a Shell Wrapped
Around a Rigid Surface
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A thin elastic shell under tension is wrapped around a rigid curved surface; the latter renders the stiffness of
the shell effectively nonlinear. Examples of such a configuration in practice include the NASA Skylab Space
Project and certain submarine geometries. The static aeroelastic stability of the shell is examined for a subsonic
flow along the axis of the shell and the longitudinal axis of the curved rigid surface. The minimum flow velocity
for which the elastic shell will deform statically (buckle) is determined, as well as the amplitude of the

deformation as a function of flow velocity.

Introduction

N various applications, a thin elastic sheet (an elastic plate

under tension) is wrapped around a rigid, curved surface
(i.e., a curved surface whose stiffness is much larger than that
of the elastic sheet) to form an elastic shell. This rigid surface
or mandrel has an important effect on the effective stiffness of
the elastic shell and, indeed, renders the stiffness of the shell
effectively nonlinear. Examples of such applications include
the thermal shield for the NASA Skylab Space Project and
also certain acoustical shields in hydronautical environments.

Here the static stability of the shell is examined with a
subsonic compressible fluid flowing over and along the axis of
the elastic sheet and mandrel. See Fig. 1 for a schematic of the
geometry. The elastic shell is curved in the spanwise direction
and under tension in both the spanwise directions. The elastic
shell is mounted flush with the mandrel surface and, for no
fluid flow, remains so in the absence of any manufacturing
imperfections in the elastic shell or mandrel. The dashed line
indicates a deformation of the shell away from the mandrel.

The present work was motivated by a concern that a thin
elastic shell under tension wrapped around a submarine hull
might become hydroelastically unstable. The proposed shell
geometry for that application is transversely orthotropic (sev-
eral layers of varying thicknesses, 4, #,, and moduli of elastic-
ity, £, E,), but an equivalent isotropic shell is studied in this
paper. See Fig. 1.

The flow is taken as uniform and aligned along the axis of
the mandrel. Any turbulent fluctuations in the fluid are ig-
nored and, below a certain critical flow speed, the elastic sheet
remains undisturbed. Above the critical flow speed, a static
aeroelastic instability occurs, and the elastic shell deforms
away from the mandrel. It is desired to determine this critical
flow speed and the associated deformation pattern of the
elastic shell.

If the turbulent fluctuations in the fluid were taken into
account, the random forced response of the elastic shell could
also be determined. That is a subject for a separate study.
Here, only the static aeroelastic instability i.e., divergence, is
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considered. It would be of interest to study the dynamic
hydroelastic instability, or flutter, as well. However, on phys-
ical grounds and based on earlier research,! divergence is
expected to be more critical than flutter for this structural
geometry and subsonic compressible flow conditions.

Analysis
After Dowell and Ventres,? the equations of equilibrium
and compatibility for a curved elastic shell are

DvV4w =&, w,, — 28w, + &, + P— Ap m
and
v
Eh Wy, = WaWyy @

where subscripts x and y on w, ® denote derivatives with
respect to those spatial variables.

These are basically the von Karman large deflection plate
equations. The various symbols are w, the plate or shell deflec-
tion normal to its surface; ®, the Airy stress function whose
existence insures that the in-plane equilibrium equations are
satisfied; D, E, h, the plate stiffness, modulus of elasticity and
thickness, respectively; p, a static pressure externally imposed
(e.g., by the mandrel) and positive in the same direction as w;
and Ap, an aerodynamic pressure due to the flowing fluid and
positive in the direction opposite to w.

Note that the in-plane stress resultants, N, N,, N, are
given in terms of the Airy stress function by

N, = yy s Ny =&, ny = _¢xy 3)
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Fig. 1 Model geometry and notation.
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These in-plane stress resultants also can be related to the
in-plane and bending displacements, i.e.,

Ny 1 1
a-» =Wty (WeP? + V[Uy +3 (wy)z]
1 - gﬁ =1, + % (w,)* + V[ux +% (wx)z}

(1-» %;f = 2(1 — »)[wyw, + 1y + 0] @

where v is Poisson’s ratio and u, v are the in-plane displace-
ments.

Physical Scenario

It will be helpful conceptually to think of a sequence of
steps leading to the physical configuration of interest.

Step 1
1) There is no fluid flow; Ap = 0.
2) There is no mandrel; p = 0.
3) There is initial tension; Ny, =Ny, N, =N,, and N, =0.
4) There is no bending displacement; w; = 0.
5) Equations (1) and (2) are then satisfied trivially.

Step IT

1) There is still no fluid flow; Ap =0.

2) There is now a mandrel that applies a pressure; p # 0.

3) The corresponding wy; and ®y; satisfy, from Egs. (1)
and (2),

D v*wy = &y, W, — 2%y, Wi, + Pu wu,, + P Dy

= Wi, Wi, n

For example, consider a parabolic mandrel shape, i.e.,

W = AWy §<1 - %) )

where Wy is the maximum height and b the span of the curved
mandrel and the elastic shell that is wrapped around it. From
Eq. (5),

wi,, = ~8

il

W
o O)

~ =

where r is the radius of curvature, Equations (1); and (2);
then become

1
0=0—0+Ny“<—;) +Dp Dn
and
0=0 @
Thus,
1
Nyn ; =P . (7)

Note that N,  includes the in-plane tension induced by bend-
ing as well as the initial in-plane tensmn N, . In practice, the
latter may dominate.

At the end of step 1I, the:elastic plate is now curved as a
shell and under tension with'a pressure load from the mandrel.

Step 1T

1) The fluid now ﬂows and an aerodynamic pressure is
applied, Ap #0
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2) Let
w = wi + Wiy ®

d = ‘I)H + q’III (9)

3) If wy; >0, then the curved plate or shell is off the man-
drel and p = 0. Note that if Ap = 0 (no fluid flow), then the
shell will simply return to the mandrel, i.e., wy;; = 0 and p # 0.
However, for Ap # 0, an equilibrium position may exist with
the shell off the mandrel, wy;>0 and p = 0. Determining this
nontrivial equilibrium is a principal goal of this analysis.

Substitute Egs. (8) and (9) into Egs. (1) and (2); then, noting
P =0, one has

D vHwy + win) = (Pu,, + Pur, Wi, — 2(2u,,
mxy)Wulxy

1
+ (®u,, + ‘I’mx,,)<—"j + mey> —Ap (10)

WA 1
—2?% = (Wi, )* — mex<—; + mey> (1

Further, using Egs. (1);; and (2);; in Egs. (10) and (11), Eq.
(10) becomes

D Vi*wm = (@u,, + Pur, )W, — 2(Pn,, + S, )W,

1
+ $u, Wi, + P, <—; + mey> —pb—Ap (10

and Eq. (11) remains the same.

Before proceeding further with this nonlinear analysis, con-
sider briefly the simplifications and approximations associated
with a linear analysis. A standard linear analysis would be
performed by neglecting products of wy; and &7 and their
derivatives in Eqgs. (10) and (11), i.e.,

by
D viwm = @, Wi, — 2®xy, Wi, + $u, Wi,

1
+ ‘5111“(—;) —p—Ap (100)

74P 1
_—E#H = —Wlllxx(—;) (11

If, in addition, the initial tension dominates with respect to
step II, then

@, =N, By, =N,

and

@y, =0 (12)
and Egs. (10p) and (11,) can be further simplified. Finally, it
is noted that, in a linear stability analysis, an inhomogeneous
term (external forcing) such as p will have no effect and can be
neglected. Thus, in a linear stability analysis, once the mandrel
has deformed the plate, it is as though the mandrel’s presence
has no further effect. More will be said about the comparison
of nonlinear and linear theory when the numerical examples
are discussed.

Step II Revisited
Now, consider further the in-plane boundary conditions
and the determination of N, and p. If the in-plane edges of

the curved elastic plate are unrestrained, then one may show
that
Nyu = N)’ (13)
and
p=N,/r

where N, is the initial applied in-plane tension.
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That the in-plane edges are unrestrained is a reasonable
assumption since even thin elastic plates that are flexible in
bending are quite stiff with respect to in-plane deformations
relative to their supports.

Using Eqgs. (12) and (13), Eq. (10) becomes

D V4w = (Ny + @ur, )wm,, — 28u, Wi, + Nywin,,

1 N
+ ‘1>mxx<—; + mey> —Ty — Ap
(10 free in-plane edges)

Equation (11) remains unchanged, of course.
For additional discussion of in-plane edge boundary condi-
tions and step II, see Appendix A.

Solution Procedure
A Galerkin solution procedure will be followed. It is as-

sumed that the curved plate will deform primarily in its funda-
mental modal pattern.?? Thus, it is assumed that

wi = Wy sin%{ sinlrbZ (14)
and
&y = B, sin%‘ sinfbZ 15)

Note that, for free in-plane edges, only a particular form of
the solution for ® is needed; the homogeneous solution can be
taken as trivially zero.

Substituting Egs. (14) and (15) into Egs. (10) and (11),
multiplying each of the latter by sin [(wx)/f] sin [(wy)/b], and
integrating over the solution domain (elastic shell area) gives
two (nonlinear) algebraic equations for wy and ®,. In nondi-
mensional form, these are

242 1
e 14 ()] () - ()
£\? 16 N2/ 40
*ﬁﬁﬁﬁﬁﬁﬁwfﬂ%MWQJCﬁﬁ
£\2 1 1 2
) wmld) + va o(3) + () (52w

4 ! .wx , wydxdy
—Ry7<?>—§0§0AP51n7 smb T D (16)
£\ 4\ /(4 W, 2\2]2
— 2f * 2z 7o hd
oG (EE) P+ G o
where
Eh
2 2 ER
Wi = wy D
=%
do= D
N, P2
R, = B
- 22 -
E

ap e (BR)E
AP=< >DAP (18)
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In the next section, where the aerodynamic modeling is
discussed, it will be shown that

1M
. wx . wydxdy 1
2z LI o W= (— 1
SJOAPsm S T, ) 2( Cp) 19)

where A = pU? £3/D, p is the fluid density, U is the mean fluid
velocity, and Cp = Cp(#/b). Cp is defined by Eq. (19).

Thus, from Egs. (16-19), the functional form of the solu-
tion can be written as

Wo= Wo\,v,¥/b, Ry, Ry) (20)

Indeed, it is seen that, using Eqs. (17) and (19) in Eq. (16), one
can obtain a cubic polynomial in W, whose roots will give the
explicit form of Eq. (20).

Aerodynamic Modeling

The aerodynamic model will be taken from linear, small-
perturbation potential flow theory. It can be shown that the
aerodynamic nonlinearities are negligible compared to the
structural nonlinearities included in the present study.

The incompressible potential flow theory is compactly pre-
sented as follows:

V=0 2D
¢’z |z= o= Uwy (22)
Ap = —pUé, (23)

where ¢ is the fluid velocity potential (not to be confused with
the Airy stress function). Solving Eq. (21) for ¢ subject to the
boundary condition (22), and appropriate finiteness condi-
tions such as g — o, determines ¢ in terms of w. Formula (23)
may then be used to determine the aerodynamic pressure
loading Ap. The general form of the solution is*

1M
L2 HOA(x—s,y —mmem E8 o

See Ref. 4 for the explicit form of A. Normally, the integral in
Eq. (24) must be evaluated numerically.

Further simplifications are possible. For example, in Eq.
(21,

V2¢ = ¢, + ¢yy + ¢ = 0 (21)
can be approximated by
¢xx + (»bzz =0 (215)

This is usually called ‘‘strip theory’’ and is valid for &b
sufficiently small.
Alternatively, Eq. (21) may be approximated by

¢yy + ¢zz =0 (ZISB)

This is usually called “‘slender-body’’ theory and is valid for
£/b sufficiently large.

For simplicity and purposes of illustration, the strip theory
approximation will be used here. Then Eq. (24) can be simpli-
fied and written in the more explicit form'?

2
ap = —ﬁf—jom(s)/(x - Dl g @s)

Substituting Eq. (14) into Eq. (25), and the result in the
left-hand side of Eq. (19), one obtains the right-hand side of
Eq. (19), where

Cp =1.19 (26)
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For the more general aerodynamic theory, Cp is a function of
¢/b. For slender-body theory, Cp ~ 1/({/b). The general the-
ory is discussed in Appendix B, and the function Cp = Cp (&/b)
determined. It turns out that Cp is a monotonically decreasing
function of £/b. Hence, using Cp({/b = 0) = 1.19 gives a con-
servative estimate of the fluid velocity at which divergence
occurs. The simple correction for subsonic compressibility is
also discussed in Appendix B.

Numerical Results

As noted, the functional form of the solution can be ex-
pressed in terms of nondimensional parameters as follows:

N2 NP
Wy = W0<)\,7,t’/b, D _DL> (20)

Equation (20) can be expressed in more explicit terms by
substituting Eqgs. (17) and (19) into Eq. (16). The result can be
written in compact form as a polynomial in W,

W3+ CWE+ CiWy+ Co=0 27

where C,, C;, C, depend on the parameters given in Eq. (20).
To illustrate the generic dependence of W, on these parame-
ters, several numerical examples are considered. In each case,

the results will be presented in terms of W, vs A for other
parameters held fixed.

Examples 1,, I, L.

Yas Ybs Ye = O; 3032, 3942

/b =1.857
N, 2
R, = D = 652.5
N, 2
R, = Iy) =351.4
Examples II:
v = 3942
“/b=0
N, 2
R, = D = 652.5
N, 22
R, = ;J =351.4
Examples III:
v =3942
/b =1.857
NE_RE
D D

Discussion

Consider Fig. 2, which compares the results for various «.
Note the different scales used for the-several . The generic
results, most readily seen for y = 303.2, are:

1) There is a minimum X\ below which only the trivial solu-
tion W, = 0 is possible. : '

2) Above this A, there are two nontrivial W, for some range
of A.

3) As A increases further, one of the two possible Wy— oo
and the other W,—0 as A— .
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Fig. 2 Elastic shell displacement vs dynamic pressure flow parame-
ter. Note the different horizontal scales for various curves.
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Fig. 3 Elastic shell displacement vs dynamic pressure flow parame-
ter. Note the different horizontal scales for various curves.

4) For v = 0, only a single nontrivial solution exists; for this
case, the minimum A for a nontrivial solution, W, # 0, corre-
sponds to Wy—0 and can be determined from a linear theory.

5) For v # 0, the minimum A for nontrivial solutions corre-
spond to a finite W, and must be determined from a nonlinear
theory.

Now consider v fixed and the nominal case example I,
along with the special cases, /b = 0 (example 1I) and N, = N,
=0 (example IIl). See Fig. 3. Comparing the results from
examples II and I,, it is seen that the effect of increasing the
shell width is to increase the flutter A substantially. No qualita-
tive change is observed, however, from the the nominal case.
By contrast, if the applied in-plane loads are set to zero,
N, =N, =0, the minimum X for nontrivial solutions again
corresponds to Wy—0 and can be determined from a linear
theory. Moreover Ap;, is substantially lower than for N, >0,

N, >0. Note the different horizontal scales used in Fig. 3.

Variations in the Analytical Assumptions

In the preceding discussion, parameter variations for a
given analytical model were considered. Here variations in the
analytical assumptions are considered for case 1,. The previ-
ous results for this case are shown again in Fig. 4. In addition,
results are shown for negative W, (these are not physically
possible unless the mandrel is removed, but they are of math-
ematical interest) and the theory with the constant load term p
omitted; note that the W,— 0 result for this special case corre-
sponds to linear theory.

These results emphasize two important points:

1) The mandrel is critical to the divergence behavior of the
shell.

2) The constant load term has a stabilizing effect, which
can be determined only from a nonlinear analysis. However,
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Fig. 4 Elastic shell displacement vs dynamic pressure flow parameter.

the linear theory is conservative (assuming the mandrel is in
place) in that it predicts a lower velocity for divergence to
occur.

Concluding Remarks

The numerical examples have illustrated the important ef-
fects of the several physical parameters and the relationship of
linear to nonlinear theory. These points will not be reiterated
here except to re-emphasize the essential nature of the nonlin-
earity and its importance to understanding the system’s behav-
ior. Two other issues will be elaborated on here.

First of all, as previously mentioned, the aerodynamic
model is an approximate one, even within the framework of
small-perturbation potential theory. In particular, the effect
of curvature is ignored in the aerodynamic model. Moreover,
the two-dimensional, incompressible aerodynamic model is
used in the main text for illustrative purposes. However, the
flat-plate, compressible (subsonic) three-dimensional theory is
worked out in Appendix B, where it is shown that no signifi-
cant qualitative differences arise due to three-dimensional or
compressibility (subsonic) effects. It is anticipated that curva-
ture will have an even smaller effect on the aerodynamic forces
for the parameter range of interest.

The second issue involves determining the most critical in-
stability mode. This is a matter of some subtlety. Throughout
the text of this paper, it has been assumed that the most
critical instability mode is the fundamental mode of the elastic
shell. Recall Egs. (14) and (15). Those readers familiar with
the literature on the aeroelasticity of plates and shells! will
appreciate that it is not known a priori which mode will be
most critical. Indeed, it is known that within the framework of
linear theory, a higher mode may be most critical for a curved
plate or shell or a flat plate with large length/width ratio, ¢/b.
In Appendix C, this issue is considered in some mathematical
detail within the framework of linear theory and an even more
simplified form of aerodynamic “‘strip theory.”’

Here it is noted that the nonlinear stiffness provided by the
mandrel will be more effective for higher modes than for the
fundamental mode. Thu’s‘,f heuristically, it can be argued that
the fundamental mode will beé most critical. More explicitly,
the solution form:for an-arbitrary mode would replace Egs.
(14) and (15) by =

Wi = wo sin > sin 22 (14)
¢ b
q’[n = ‘§0 Sinm;rx Sin% (153)
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From Eq. (14,), it is readily seen that, form # 1 orn # 1, Wy
will be less than zero over some portion of the mandrel sur-
face, even when w, is positive. But this is not physically
allowable. Hence, if the elastic shell deforms in a higher mode,
it must deform in the fundamental mode, m = n = 1, as well,
so that Wi;>0 everywhere. This suggests, though certainly
does not prove, that higher modes will be less likely to be
critical than the fundamental. It would be of interest to pursue
this matter further, although to do so in the context of
nonlinear theory would make the analysis considerably more
complex.

Appendix A: In-Plane Boundary Edge
Conditions and Step 11

Consider Eq. (11) as an equation to determine ®. For w, a
solution will be assumed in the form

. WX WY
W = wq sin— sin—

7 5 (Al)

The solution for ® from Eq. (11) will have both a particular
part (due to w) and a homogeneous part, i.e.,

=0, + Py (A2)
where, for ®p,
®p = &, sin sin" (A3)
{ b
and, for ®,
&y = ViNiy?2 + VAN *x2 — Nixy (A4)

Equations (A3) and (A4) are not the most general forms of the
solutions but are sufficient for our purposes. Consider now
two possible limiting cases for the in-plane boundary condi-
tions, i.e., free edges and fixed edges.

Free Edges
The boundary conditions are:

&, =N, =N,@x =0,¢ (A5)
&, =N, =N,@y =0,b (A6)
—&,, =N,, =0 on all edges (A7)

From Egs. (A3-A6), it is deduced that

NI =N, (A8)

N: =N, (A9)

Now imposing Eq. (A7)@x =0, for y = 0, b gives different
conditions on Nx’} . Indeed, to satisfy all of these would require
a more elaborate homogeneous solution than assumed here.
However, if one is content to impose a more global boundary
condition than (A7), e.g.,

4

=0 (A8)
0

¢
[ s

0

b b
= S nydy
0 0

then it follows from Eqs. (A2-A4) and (A8) that N} = 0.
In sum, all of the preceding justifies setting

Nx" = Nx
Ny, = Ny
Nyy, =0

for free, unrestrained in-plane edges. Also, see Ref. 2.
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Fixed, Inmovable In-Plane Edges
From step 11,

vy #0
wy, 0
ug =0
vy, =0
W, =0 (A10)
Thus, from Egs. (11) and (A10), $p = 0 and Ny, = Ny, =
Niyp, = 0.
From Eq. (4) now,
(1 =% % = v[vny + % (wn,)z}
(1 =) 2 =y +1 (wi,)
Eh yo20
(1 —yZ)]% =0 (AlD)
Also,
&y, ='12‘N;y2+%N;X2"N;;xy (A12)

Recalling N, = N,, N, = N,, N,,, =0, from step 1 for wy =0,
then, from Egs. (All) and (A12),

N* — N, 1{?
(1 - V2) _———Eh b =y E jO(WHy)2 dy
N =N, 1{?
Yy Y _ 2 2
=) b =~ L(wHy) dy (a13)

where the following condition appropriate to fixed edges has
been used to derive (A13) from (A12).

b
j Unydy =0 (A14)
0

Of course, Ny, =0, from Egs. (All) and (Al12). Ny and N;
may be determined from Eq. (A13).

For real structures, the in-plane edge conditions are neither
perfectly free nor fixed. However, typically, the in-plane stiff-
ness of even thin elastic shells is large compared to that of the
usual in-plane edge supports. Therefore, free edges are more
nearly an accurate description than fixed edges for most prac-
tical configurations.

Appendix B: Aerodynamic Model Including
Three-Dimensional Effects
For w, <1, the effects of spanwise curvature on the aerody-
namic forces can be neglected. However, the effects of three
dimensionality may be quantitatively important. Recall that
the aerodynamical equations are

vig=0 (B1)
$clio=Uw, (B2)
Ap = —pUéy (B3)

We shall obtain a solution- by using a double Fourier trans-
form with respect to x and y.
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Define the Fourier transforms of ¢, for example, as

1

o ~iaxg —if}
o* = (27r)2j qu(x,y,z)e e "% dx dy (B4)

Transforming Eq. (B1), it becomes
¢ — (@2 + BHe* =0 (BS)
The solutions to this ordinary differential equation are
¢* = Ae—@+0"z 4 Be+@'+ ) (B6)

The condition of finiteness at z — o requires B =0. A4 is
determined by employing Eq. (B6) and satisfying (the trans-
form of) Eq. (B2).

Uw)*
A= - B7
(o + B @
Using (the transform of) Egs. (B3), (B6), and (B7), one finally
obtains a solution for Ap (after transform inversion). The
result is

Al _pUTj (i)
P 0= o) L)@+ B

bpe
[S § wye "~y dx dy]e"“"eiﬁy de dB (B8)
0Jo

Using Eqgs. (B8) and (14) in Eq. (19), one obtains an expres-
sion for Cp. The integrals in (B8) with respect to x and y are
evaluated analytically, and the final form of the expression for
Cpis

Cp = 8720 || A(a,B) da dB (BY)
where

o? [1+ cos(Bb)]1 + cos(ab))
(o + 83" [x2 — (a)’)’[n? — (Bb)T?

A, =

and it is noted that 4 is an even function of « and 8. The
quadratures in Eq. (B9) have been carried out numerically.
The result is shown in Fig. Bl.

Using the results of this figure and recalling Eq. (19), it is
seen that

NapCryp = ManCoryp (B)

1.20)

Cp 080
060

040

0.20

o] 20 40 60 80 100
Iy b

Fig. B1 Aerodynamic coefficient vs length/width.
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where 2D denotes the result from the aerodynamic model for
b =0 and 3D denotes the result from the aerodynamic
model for #/b # 0. Thus, the results in the main text are by
definition for A;p and Cp,. To obtain the results using the
three-dimensional aerodynamic model, A;p and Cp,;, we use
Eq. (B9) in the form

Asp = Map(Cp,,/Cpyp)

where Ap is obtained from the main text analysis and Cp, /
Cp,, is determined from Fig. B1. Thus, the three-dimensional
aerodynamic effect can be thought of as simply providing a
rescaling of A\ ~ pU2.

Finally, it is noted that the effects of compressibility can be
included through a similarity law. Denoting the Mach num-
ber, M, = U,/a-, where a,, is the speed of sound in the fluid,
Eq. (B1) may be generalized to

62¢xx + ¢yy + ¢, =0 (B10)
where
B=1-M,

and Egs. (B2) and (B3) remain the same. By direct calculation
or the method of similarity relations, it is readily shown that
Eq. (BY9) may be generalized to

BCp = BCr <"’—/[§> (B11)

Thus, Fig. B1 may also the considered to be a plot of 8 Cp vs
[(¢/b)/B].

The slender-body limit [({/5)/8]— o can be approached by
#/b— o or 8—0. It is interesting to note that as {({/b)/B] —,

8
BCr=Ub

or

1
Cp—*z/—b

Thus, for a slender body, Cp is independent of compressibility
effects, a well-known result.
The strip theory limit, (¢/b)/8—0, simply states that

BCp =1.19

Note that the strip theory limit is always violated for transonic
flow 8—0, whereas all bodies of finite /b become aerodynam-
ically “‘slender’’ as 3—0.

Appendix C: Higher Mode, Linear Stability
Analysis Using a Simplified Aerodynamic Theory

Determining the most critical mode(s) for an aeroelastic
instability may pose a difficult challenge. This is true in the
present case. Quite aside from the conceptual difficulty of
examining all the possible modal combinations, the sheer com-
putational labor involved may be formidable.

To illustrate the nature of ‘the difficulties while avoiding
lengthly calculations, the:issue is examined here within the
framework of two simplifying assumptions:

1) A classical linear stability analysis is pursued for a
curved elastic plate:{with the mandrel removed).

2) The aerodynamic theory is further simplified following
Kornecki et al.,? and thus the aerodynamic pressure is taken in
the form

Ap = CpUtwyy (C1)
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where C is a numerical constant. The critical mode will not
depend on C, as will be seen, and the simplification to Eq.
(C1) from Eq. (23) is not thought to have a strong effect on the
critical mode either. However the strip theory assumption per
se underlying Eq. (23) is not sufficiently accurate to consider
all modes. As was discussed in the text, strip theory assumes
that #/b is sufficiently small. For arbitrary chordwise m, and
spanwise n mode numbers, this can be generalized to nf/mb
sufficiently small.

The equations of equilibrium and compatibility will be sim-
plified by neglecting all nonlinear terms. Thus in the text, Eqgs.
(1) and (2) become [also, see Egs. (10) and (11;) and the
subsequent discussion]

_ _ 1
Dviw — Now,, — Nyw,, + <I>xx<;> +Ap =0 (C2)

and

V4P 1
—EI_ - Wxx(;> =0 (C3)

For the solution to Egs. (C1-C3), a more general form is
assumed than before, which now allows a single, but arbi-
trary, chordwise and spanwise mode to be considered. Cou-
pling between two different modes is neglected. Indeed, within
the framework of Eqgs. (C1-C3), it is easily shown that no
coupling between modes occurs.

The assumed solution form is

w=w sinmﬂx sinig—y (CH
& = &, sin > sin’-’l’;—y (C5)

Note that Eq. (C5) is consistent with free, unrestrained in-
plane edge conditions.

Substituting Eqgs. (C4) and (C5) into Eqs. (C1-C3) one
generates two linear algebraic homogeneous equations for wy
and ®,. The neutral stability condition is obtained by setting
the determinant of coefficients of w, and ®, to zero. Solving
from this equation for the critical flow velocity for any given
arbitrary mode, one obtains the following nondimensional
equation:

CN _[m?*+ n> (/b)Y  ~+* m?
- m? 7 [m? + n%(0/b)*P
R, R, n*ft\?
+“z+7ém<z) (C6)

For simplicity, consider R, = R, = 0. Then, Eq. (C6) be-
comes, in a convenient, compact form,

~ F
A=X+— 7
X (€7
where
~ CA
A= _.,r_z (C8a)
2
_
I'= F (C8b)

2
X = [m2+n2<£> j|2/m2 (C8¢)

From Eq. (C7), the minimum X occurs for

X=T" ((&)]
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and

Amin = 2(T)* (C10)
Of course, strictly speaking, X can take on discrete values only
for particular m and n; see Eq. (C8c). Also, note that more
than one combination of m and »n can give the same X and
hence the same Apin.

To see this, consider again Eq. (C8c). Solving for n?,

2 _ @M m — m? 11
‘min /b )2

where Eq. (C9) has also been used. Here ny;, means that this
is the value of n(for a given m) that leads to Ay, as given by
Eq. (C10).

A numerical example, such as Table 1, for y = 3942, may
help illustrate these results. Of course, ny;,, must be an integer
value, and so these results are indicative only of general
trends. To obtain more specific results, return to Eq. (C6),
and consider Table 2. The results of Table 2 are consistent
with those of Table 1.

Finally, note that, for sufficiently smallyorI', m =n =1
gives one of the most critical modes.

All of this suggests that careful attention needs to be given
to the most critical mode in a practical design application.

Table 1 Miminal n for divergence
dynamic pressure

T = 159535 m Amin
X =399 1 2.3
Amin = 798 2 3.2
3 3.8

etc.

HYDROELASTIC STABILITY OF ELASTIC SHEET RIGID SURFACE 739

Table 2 Divergence dynamic pressure for various mode numbers

X = 8080 n=1

920
1182
3207

11514
2094

827
1059
etc.

T' = 159535 m=1

NN NN o =
BN = W N

Fortunately, for reasons discussed in the text, the nonlinear
stiffness provided by the mandrel will raise the critical v for
the higher modes more than that for the fundamental mode,
m = n = 1. Thus, the latter is apt to be the most critical. How-
ever, a physical experiment would be most reassuring here.
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